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Résumé
We study knots in S
3
obtained by the intersetion of a minimal
surfae in R
4
with a small 3-sphere entered at a branh point. We
onstrut examples of new minimal knots. In partiular we show the
existene of non-bered minimal knots. We show that simple minimal
knots are either reversible or fully amphiheiral ; this yields an obs-
trution for a given knot to be an iterated knot of a minimal surfae.
Properties and invariants of these knots suh as the algebrai rossing
number of a braid representative and the Alexander polynomial are
studied.
1 Introdution
We wish to understand knots assoiated to spei singularities. Let us
rst reall what is meant by singularity of a minimal surfae. Let D be a
disk endowed with a Riemann (omplex) struture and let 0 be its enter.
Let X : D 7→ R4 be a onformal harmoni mapping. If dX(0) = 0, we say
that 0 is a singularity of X . It is then lear that singularities are isolated and
orrespond to branh points. Let p = X(0). The topology of the singularity at
p is entirely determined by a (possibly singular) knot or link whih is obtained
as follows : interset M with a small 3-sphere of R4 around p of radius ǫ. We
obtain a urve Kǫ ⊂ S
3(ǫ). If p is the image of only one singularity then Kǫ
has only one onneted omponent for ǫ small enough. If X(D) is embedded
in a neighborhood of p, then Kǫ is a smoothly embedded urve and hene
is a knot, isotopi to a xed knot K and X(D) ∩ B(0, ǫ) is topologially a
one over K. For example, a holomorphi omplex urve in R4 = C2 is a
1
speial ase of minimal surfae in R4. When X(D) is loally determined by
the equation F (z, w) = 0, equivalent germs of F at p yield isotopi knots in
S3 (f. [2℄).
1.0.1 Minimal Knots and iterated minimal knots
As is usual in this ontext, minimal singularities are given by an expan-
sion in terms of z and z¯ and one needs to x some denitions. We remind the
reader that a map X : D 7→ C2 from the unit disk of C into C2 is minimal
if and only if X is harmoni with respet to the indued metri on D. Ho-
wever, sine a harmoni map from a surfae remains harmoni if we hange
onformally the metri, X is a minimal if X is harmoni with respet to the
at metri on D and if X is onformal ; thus harmoniity means that
∆DX = 4∂z∂z¯X = 0. (H)
Let z = x+ iy ; then onformality means that
‖
∂X
∂x
‖ = ‖
∂X
∂y
‖, <
∂X
∂x
,
∂X
∂y
>= 0. (C)
It is straightforward to derive many examples of germs of minimal surfaes :
Denition 1 Let D be the unit disk in C and let X : D −→ R4 and suppose
that X(0) = 0. The origin 0 is a branh point for X if and only if there is
a holomorphi oordinate in D and a oordinate system on R4 suh that X
writes in a neighbourhood of 0
z 7→
(
Re(zN ) + o(|z|N), Im(zN ) + o(|z|N), o(|z|N), o(|z|N )
)
.
We now assume that X is injetive. We denote by Sǫ (resp. Bǫ) the sphere
(resp. ball) in R4 entered at 0 and of radius ǫ. We put Kǫ = Sǫ ∩X(D). If
ǫ is small enough the following two fats are true
1) (Bǫ, X(D)) is a one over (Sǫ, Kǫ)
2) all the knots Kη = Sη ∩X(D) with η ≤ ǫ are isotopi. The ensuing knot
type is said to be assoiated to the singularity of X at 0.
It follows from the impliit funtion theorem that there exists a real funtion
rǫ suh that Kǫ is parametrized by X(rǫ(θ)e
iθ), with iθ going through S1.
If X is a holomorphi map to C, all its singularities are branh points. It is
a lassial result that the assoiated knots are iterated torus knots (f. [2℄ or
2
[9℄).
Holomorphi urves are a speial ase of area-minimizing surfaes (Wirtinger
inequality) ; these in turn are a speial ase of minimal surfaes (i.e. onfor-
mal harmoni mappings of surfaes).
Miallef and White in [11℄ have researhed branh points of minimal surfaes
inside general Riemannian 4-manifolds. They have shown that the area mi-
nimizing ase is strikingly similar to the holomorphi one : the assoiated
knots are iterated torus knots. In the ourse of their investigations of general
minimal surfaes they showed that other knot types an our, for example
D −→ C× C
z 7→ (z3 + o (|z|3) , z4 − z¯4 + z5 + z¯5 + o (|z|5))
(1)
They notied that the orresponding minimal knot is the square knot (see
g.3).
Miallef and White left open the following question : an every knot isotopy
type an be realized as the knot of a minimal branh point ?
We investigate in the present paper a spei lass of knots of branhed
points of minimal disks. They are given by the following Proposition whih
is inspired by a remark in [11℄
Proposition 1 Let N , p and q be integers, p > N , q > N and let φ be a
real number. Suppose that the following map
z 7→
(
Re(zN ), Im(zN ), Re(eiφzp), Im(zq)
)
is injetive. We denote by K(N, p, q, φ) the assoiated knot type.
Then K(N, p, q, φ) is assoiated to a branh point of a minimal disk.
Proof. We identify R
4
to C
2
and we look for a map X of the form X : z 7→
(zN + f¯(z), g(z) + h¯(z)) where f , g and h are holomorphi funtions. Suh a
map is harmoni ; it is moreover onformal if and only if it satises equations
(H). This translates into
f ′(z) = −
1
zN−1
g′(z)h′(z).
If g(z) = zp + zq and h(z) = zp − zq, the funtion f exists and veries
|f(z)| = o(|z|N).
3
In a neighbourhood of 0, there exists a funtion φ(z) suh that
φ(z)N = 1 + f(z)
zN
. We put w = zφ(z) ; we have w = z + o(|z|).
Also wN = zNφ(z)N and X is of the form
X(z) =
(
Re(wN), Im(wN), Re[(1 + a(w))eiφwp], Im[(1 + b(w))wq]
)
where a(w) and b(w) are o(1). We put
Xt(w) =
(
Re(wN), Im(wN), Re[(1 + ta(w))eiφwp], Im[(1 + tb(w))(wq)]
)
.
We notie the following obvious
Lemma 1 Let w and w′ be omplex numbers, w 6= w′, whih verify
Xt(w) = Xt(w
′).Then there exists ν a N-th root of 1, ν 6= 1, suh that
w = νw′
In partiular w = w′ . Thus, if we let w = reiθ we will know that Xt is
injetive if and only the following maps is injetive
X˜t : D − {0} 7→ R
4
X˜t : w = re
iθ 7→ (cosNθ, sinNθ,Re[(1 + ta(w))eiφepiθ], Im[(1 + tb(w))eqiθ].
The value X0(re
iθ) does not depend on r but only on θ, whih runs through
the ompat spae S
1
. We derive therof the existene of a positive real number
C > 0 suh that for every w, ν, with w 6= 0, νN = 1 and ν 6= 1,
|X0(w)−X0(νw)| > C.
It follows that for t ∈ [0, 1] and w non zero small enough,
|Xt(w)−Xt(νw)| >
C
2
.
This, together with Lemma 1 above, proves that the Xt's are injetive on a
small disk around 0. Moreover for ǫ small enough, Xt(D)∩Sǫ onstitutes an
isotopy between the knots assoiated to the singularities of X0 and X .
Note that if q = p (and φ = 1 but we will see later that this ondition is not
neessary), then K(N, p, q, φ) is a (N, p) torus knot.
We all a knot of the type K(N, p, q, φ) simple minimal. The word simple
omes from the fat that general knots of minimal surfaes an be seen as
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iterated versions of the K(N, q, p, φ)'s. We plan to devote another paper to
these more general knots. For the moment we fous on simple minimal knots.
Notie that simple minimal knots are similar in their expression to Lissa-
jous knots [1℄, [6℄, ( see also KnotPlot [8℄ for a generator of Lissajous knots
), and is a good help in the understanding of the latter ones. Still their
properties are quite dierent as we shall see.
Let us give a brief outline of the paper.
In setion 1, we give a general desription of the properties of simple mini-
mal knots whih are parametrized by three numbers and a phaseK(N, p, q, φ) ;
we then give a geometri interpretation of N, p, q and desription of the braid
representation that is naturally attahed to them.
In setion 2, the minimal braid representation is studied in more detail
and we show that simple knots are invariant by a hange of phase. Minimal
knots will be denoted by K(N, p, q).
In setion 3, we study the symmetries of minimal knots. Reall that there
are two natural symmetries among knots that are involutions ; the mirror
symmetry sm, (symmetry of a knot with respet to a orientation reversing
symmetry of S3 ) and the inversion of a knot si whih maps a knot to the
same knot but with the reverse orientation. K is invertible if it is invariant
by si and amphiheiral if it has some invariane with respet to sm Results
of setion 2 and easy omputations yields
Theorem 1 A simple minimal knot is either reversible or fully amphiheiral.
More preisely :
1. All knots K(N, p, q) are strongly invertible.
2. If p+ q is odd, then (N, p, q) is strongly + amphiheiral :
3. If N is even and p + q is even or if N is odd and p and q even, then
K(N, p, q) is periodi of order two. The S1 urve by the involution
invariant has a linking number with K(N, p, q) equal to N .
By a result of [5℄ and [10℄, and similarly to the Lissajous knots (f. [1℄),
these symmetries yields properties on the Arf invariant and Alexander poly-
nomial that are desribed in the setion.
Setion 3 leads to setion 4 where we show the existene of knots that an
not be realized as simple or iterated knots of minimal singularities. These are
the negative amphihireal or hiral knots.
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Theorem 2 A negative amphiheiral or hiral knot an not be the knot of a
simple minimal or iterated minimal knot
The rst andidate in the Rolfsen lassiation is the knot 817 whih is
the rst negative amphiheiral knot, and 932 whih is the rst hiral knot.
We do not yet know if these hiral knots an be realized as able knots
of minimal singular knots. This question will be treated elsewhere.
Setion 6 is devoted to the algebrai rossing number of the natural braid
representation (see Setion 1) of simple minimal knots. We will give an up-
perbound of this number.
With the help of KnotTheory and KnotPlot, we desribe in setion 7
some examples of minimal knots with their minimal braid representation and
deomposition into prime knots. This allows us to investigate the bration
of minimal knots. Let us rst reall a few denitions.
Denition 1 K is bered if S3\K is bered over S1 : there is a dierentiable
mapping φ : S3 \ K 7→ S1 whih denes a ber bundle ; the ber φ−1(eit) is
the interior of a ompat orientable dierentiable surfae with boundary K.
( Notie that bered knots have an algebrai haraterization : the om-
mutator of the knot group π1(S
3 \ K) is nitely generated . [4℄) Knots of
holomorphi urves singularities are always bered ; if the surfae is given
loally by the equation F (z, w) = 0, then the (Milnor) bration is simply
given by
φ(z, w) =
F (z, w)
|F (z, w)|
restrited to a sphere of suiently small radius S3(p, ǫ).
Thus all torus knots are bered.
The bration yields a monodromy mapping h and a gluing map θ where
S3 \ K ≡ I×F
(x,0)∼(θ(x),1)
, where F is the ber of the bration, ie the Seifert
surfae spanning K.
The monodromy map gives a way to ompute the Alexander polynomial,
another knot invariant :
P (x) = det(h∗ − xId)
where h∗ : H1(M,R) 7→ H1(M,R).
In partiular if the highest order term of P is dierent from ±1 then the
knot is an not be bered.
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We onstrut some examples of minimal braids with three, four or ve
strands and identify them. In partiular :
Theorem 3 The knot 946 (see g. 13 ) is a prime knot whih is not bered
and still is a minimal singularity knot ; the minimal surfae is loally given
by
z 7→
(
z4 + o(|z|4), z13 + z¯13 + z5 − z¯5 + o(|z|13)
)
.
We onjeture that the simple knots K(N, p, q) with N odd are bered.
We are grateful to Harold Rosenberg for introduing us to the problem of
bration of minimal singularities. We thank Joan Birman for her suggestions
and Dror bar Natan for his help and diligeny.
2 Denition of a minimal knot and desription
of its minimal braid
2.0.2 Germ of a minimal singularity
At a branh point p, a minimal surfae M still has a tangent plane TMp
whih is a real plane in C2. The ambiant spae is thus split into TMp and the
normal plane NMp. M is a multi-valued minimal graph over a subdomain
of TMp loally given by (proposition 1)
z 7→
(
zN , a(zp + z¯p) + b(zq − z¯q)
)
a, b ∈ C. Let us interset M with a 3-ylinder Sǫ ×NMp ⊂ TMp ×NMp,
perpendiular to TMp ; Sǫ is a small irle of radius ǫ in TMp.The interse-
tion a knot parametrized by θ running along S1(ǫ) N times. As ǫ tends to
zero, this knot onverges learly to the equator of the orresponding 3-sphere
S3(0, ǫ) hene K an be equally viewed as a knot of the 3-sphere.
This knot an be expressed in terms of irular funtions as follows :{
K : S1(0, ǫ) −→ R4
θ 7→ (cosNθ, sinNθ, cos (pθ + φp) , sin (qθ + φq))
(2)
Changing θ into θ + α, we may arrange that one of the two phases is zero.
We hoose the following parametrization
K(N, p, , q, φ) : θ 7→ (cosNθ, sinNθ, cos(pθ + φ), sin(qθ))
We parametrize S1 by t ∈ [0, 1] where θ = 2πt.
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Denition 2 A simple minimal knot, is isotopi to the urve given by the
one-to-one parametrization
B : [0, 1] −→ Cyl ⊂ R4
t 7→ (cos 2πNt, sin 2πNt, cos(2πpt+ φ), sin 2πqt)
We denote B([0, 1]) by K(N, p, q, φ)
These knots are similar to another type of knots, known as Lissajous
knots beause the oordinates of the knot are irular funtions of possibly
unequal frequenies.
2.0.3 Lissajous Knots
It is interesting to note another onnetion between Minimal knots and
Lissajous knots. Let us rst reall how it was dened in ([1℄ or [6℄)
Denition 3 A Lissajous knot is a urve parametrized one-to-one by
L : [0, 1] −→ R3
t 7→ (cos 2πNt, cos(2πpt+ φ1), cos(2πqt+ φ2))
Notie that these knots are parametrized by 5 variables instead of 4 for
simple minimal knots.
Lemma 2 The projetion into a vertial 3-plane of a minimal knot is a Lis-
sajoux knot. If the minimal knot is of type K(N, p, q) then the orresponding
Lissajous knot has a braid representation of 2N strands indued by the braid
representation of K(N, p, q).
This is a diret onsequene of the denition of a Lissajoux knot.
2.0.4 The minimal braid representation of a simple minimal knot
The graph of the funtion B : Sǫ 7→ C dened by K(N, p, q, φ), is a braid
of N strands : there are N funtions dened on the open irle or [0, 1[ i.e.
k = 0, ..., N − 1 suh that
Bk : [0, 1] −→ C
8
Fig. 1  braid and braid diagram of K(3,4,4)
Bk(t) = cos
(
2πp
N
(t + k) + φp
)
+ i sin
(
2πq
N
(t+ k)
)
Reiproally we reonstrut the knot K(N, p, q, φ) by losing the braid :
we onnet the kth strand to the (k+1)th strand as follows : Bk(1) = Bk+1(0)
for k = 0, ..., N − 1.
We denote this braid by B(N, p, q, φ).We then projet the braid onto any
R ⊂ C.
Denition 4 A braid diagram is the graph of the funtions πD ◦B where πD
is the projetion of C onto a line D of C.
If we hoose to projet the braid onto the y-omponent of C, (z = x+ iy),
we obtain a braid diagram that depends only on N and q. We denote it by
K⊥(N, q). This braid diagram onsists of N graphs of funtions
hk = ImBk : [0, 1] −→ R,
k = 0, · · · , N − 1. Note that all the K⊥(N, q) are idential to the braid
diagram of the (N, q)-torus knot. To regain the braid from the braid diagram,
we need to know whih strand is above or below at eah intersetion of any
two strands hk and hl. We will rst determine the value of the parameter t
for eah rossing and will determine whih strand is above at eah rossing.
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2.1 Crossing lous of the braid diagram K⊥(N, q)
Let us ompute the parameter values t at eah intersetion points of the
braid diagram K⊥(N, q).
Choose k < l , 0 ≤ k ≤ N − 1, t ∈ [0, 1[ ; we study the intersetion of the
strands hk et hl ; the rossings orrespond to the dierent values t for whih
hk(t)− hl(t) = 0.
It turns out that for an even number N of strands the parameter value t = 0
orresponds to a value for whih two strands hk1 and hk2 interset ; we thus
introdue a small positive ǫ suh that ǫ does not parametrize an intersetion
of two strands ; we study instead the braid diagram on the new interval
t ∈ [ǫ, 1 + ǫ[.
Lemma 1 Let K(N, p, q, φ) be a simple minimal knot. Its braid diagram
K⊥(N, q) onsists of N strands ; its rossing number is q(N−1). Furthermore
the strings hk and hl, k < l, k = 0, ..., N − 1, meet at points (tn,k,l, h(tn,k,l)),
t ∈ [ǫ, 1 + ǫ[ where
t(n, k, l) :=
N(2n+ 1)
4q
−
k + l
2
;
n is any integer suh that
2qǫ
N
+
q(k + l)
N
−
1
2
≤ n <
2qǫ
N
+
q(k + l)
N
−
1
2
+
2q
N
.
Proof.
hk(t)− hl(t) = 0
ℑBk(θ)− ℑBl(θ) = sin 2π
q
N
(t+ k)− sin 2π
q
N
(t + l)
using
sin a− sin b = 2 cos(a+ b/2) sin(a− b/2)
we obtain
ℑBk(θ)−ℑBl(θ) = 2 cos
(
2π
qt
N
+ π
q(k + l)
N
)
sin π
q(k − l)
N
(3)
It follows from (3), that t parametrizes a double point if the rst osine fator
is zero that is
2π
qt
N
+ π
q(k + l)
N
= π
2n+ 1
2
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or
t =
N(2n+ 1)
4q
−
k + l
2
.
Hene the number of intersetions of K⊥(N, q) is given by the number of
integers n suh that
ǫ ≤
N(2n + 1)
4q
−
k + l
2
< 1 + ǫ
ǫ+
k + l
2
≤
N(2n+ 1)
4q
< 1 +
k + l
2
+ ǫ
4q
N
ǫ+
2q(k + l)
N
≤ (2n+ 1) <
4q
N
+
2q(k + l)
N
+
4q
N
ǫ
2q
N
ǫ+
q(k + l)
N
−
1
2
≤ n <
2q
N
+
q(k + l)
N
−
1
2
+
2q
N
ǫ

Example 1 : N=2 The integer n that parametrizes the solutions veries
q ≤ (2n+ 1) < 3q
q − 1
2
≤ n <
q − 1
2
+ q
It follows that the braid diagram has q rossing points.
2.1.1 Regularity of K(N, p, q, φ)
We return to the minimal knot and its naturally assoiated braid. The
braid may be be singular if some strands interset : if this is the ase,
Bk(t) = Bl(t) for some k, l. and t. To solve this equation, we need the
following lemma omplementary to lemma 1
Lemma 2 the projetions ℜBk and ℜBl k < l of K(N, p, q, 2πϕ) meet at
points
tn,k,l :=
mN
2p
−
Nϕ
2p
−
k + l
2
where m is any integer suh that
p
N
(k + l) + 2ϕ ≤ n <
p
N
(k + l) + 2ϕ+ 2
p
N
Proof. Let φ = 2πϕ
cos
(
2π
p
N
(t + k) + φ
)
− cos
(
2π
p
N
(t + l) + φ
)
= 0
if and only if
sin
(
2π
p
N
(
t +
k + l
2
)
+ φ
)
. sin
(
2π
p
N
(k − l)
)
= 0
2π
p
N
(
t+
k + l
2
)
+ φ = πm
t =
mN
2p
−
Nϕ
2p
−
k + l
2
t ∈ [ǫ, 1 + ǫ]
i
ǫ
2p
N
+
p
N
(k + l) + 2ϕ ≤ m <
p
N
(k + l) + 2ϕ+ 2
p
N
+ ǫ
2p
N
Hene the simple knot has selntersetion, if there is a t ∈ [ǫ, 1 + ǫ[ that
satises the hypothesis of lemma 1 and lemma 2 ; we onlude that the braid
is singular if there are integers m and m′ suh that
(2m+ 1)p− 2qm′ = −4ϕq
On the other hand ifN and p or N and q are not oprime.thenK(N, p, q, φ) is
always singular : indeed if N = aN ′, p = ap′, then the substitution t 7→ t+ k
a
doesn't alter the rst 3 oordinates of the knot : it sues to verify that that
we may hoose ǫ < t < 1+ ǫ suh that the last oordinate has the same value
for t and t + k
a
.
Proposition 1 Let K(N, p, q, φ) a minimal knot ; if N∧p = N∧q = 1, then
for almost all φ K(N, p, q, φ) is regular. K(N, p, q, φ) is singular for a nite
number of φ ; and these φ's are all of the form φ = 2πα, where α is rational.
Example. The knots K(N, p, p, φ) are the torus knots (N, p). The knot
projets on the rst omponent of C2 onto a irle and on the seond om-
ponent of C
2
onto an ellipse if φ 6= 0 or a segment if φ = 0. The knot" is
learly singular for its value. We will show in setion 3 that, surprisingly, a
minimal knot does not hange its type as the phase varies. This is a striking
dierene with the Lissajous knots where a suitable onjugate variation of
the two phases may hange the knot ([1℄).
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2.2 The y-oordinate of a rossing point
Let t(m, k, l) be a rossing point between the k-th and l-th strands as
given by Lemma 1. The y-oordinate of the orresponding point of the braid,
i.e. the height of the braid diagram is given by
hk(t) = hl(t) = y(t, k, l) = sin
2π
N
q(t+k) = (−1)m sin
( π
N
q (k − l) +
π
2
)
(4)
2.3 Sign of the rossing points
If t is a rossing point between the k-th and l-th strand, its sign S(t, k, l)
is given by ombining the following two piees of data :
1. whih strand is in front of the other one
2. whih strand goes upwards.
(1) is given by the sign of the dierene ReBk(t) − ReBl(t), that is the
sign of the dierene in the x-oordinates
cos
2π
N
q(t+ k + φ)− cos
2π
N
q(t+ l + φ)
For (2), we notie that the k-th strand is going upwards if the derivative of
the funtion x 7→ sin 2π
N
qx at t+ k is positive (in whih ase its derivative at
t+ l is negative). It follows that the sign is given by the produt
S(t, k, l) = −[cos q(t+ k)− cos q(t+ l)][cos p(t+ k + φ)− cos p(t+ l + φ)].
We remind the reader that a dierene of osines an be written as a produt
of sines and derive
S(t, k, l) = −4 sin
2π
N
q(t+
k + l
2
) sin
2π
N
p(t+
k + l
2
+φ) sin
π
N
p(k−l) sin
π
N
q(k − l).
We now suppose that t is of the form t = t(m, k, l) as given by lemma 2. We
derive
sin
2π
N
q(t+
k + l
2
) = sin(
π
2
+mπ) = (−1)m
sin
2π
N
p(t+
k + l
2
+ φ) = sin
2π
N
p
(
φ+
N
4q
(1 + 2m)
)
.
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Notations. If x is a real number we denote its integral part by [x] ; if n
is an integer, we denote by P (n) ∈ Z2 its ongruene modulo 2.
With these notations, and with the notations of lemma (1) last omputations
give the following lemma
Lemma 3 Crossing sign formula
The sign at a rossing point of the braid diagram K(N, q)⊥ assoiated to
the simple knot K(N, p, q, φ) and parametrized by tm,k,l ∈ [ǫ, 1 + ǫ[, where
k < l, k = 0, ..., N − 1, and m ∈ N ∩ [2qǫ
N
+ q(k+l)
N
− 1
2
, 2qǫ
N
+ q(k+l)
N
− 1
2
+ 2q
N
[,
is given by the formula
s(k, l,m, φ) = 1 + T (k, l) + P (m) +R(m,φ) (5)
with respetively
T (k, l) = P
(
[q
(
k − l
N
)
]
)
+ P
(
[p
(
k − l
N
)
]
)
(the sum is taken in Z2) and
R(m,φ) = P
(
[
2
N
p(φ+
N
4q
(1 + 2m))]
)
.
2.4 An expression of a minimal braid
We reall here the denition of the braid groups in terms of generators
and relations.
The braid group BN is generated by N − 1 elements, σ1, ..., σN−1 subjet to
the following relations
∀i, σiσi+1σi = σi+1σiσi+1
∀i, j with |i− j| ≥ 2, σiσj = σjσi.
Sine the braid B(N, p, q, φ) has (N − 1)q rossing points, we an write it
as a produt of (N − 1)q σi's or σ
−1
i 's. It is straightforward to derive suh
an expression ; however beause of the above-mentioned relations there are
several suh expressions and we need to speify exatly whih one we take. In
other words we will speify one representative of a preimage of B(N, p, q, φ)
in the free group FN−1 on the N − 1 generators σi's.
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Up to the sign of the rossing points, the braid is the same as for a (N −1)q-
torus knot, thus we aim for a representation whih diers from the standard
representation of the torus knot only by the signs of the terms. Eah rossing
point C(t, k, l) is the data of oordinate t and a pair of strands k and l. We
number then as
C1(t1, {k, l}1), ..., Cq(N−1)(tq(N−1), {k, l}q(N−1)).
We require the following ordering onditions
1. if u < v then tu ≤ tv
2. the rst
(N−1)N
2
rossing points are ordered by lexiographial order on
t, k + l, k − l
3. if u+ N(N−1)
2
≤ q(N − 1), then {k, l}
u+N(N−1)
2
= {k, l}u.
Eah rossing point Ci(ti, {k, l}i) has a sign ǫ(i) ∈ {−1, 1} and a y-
oordinate y(Ci), (f. 4). We point out that the value in (f. 4) takes N − 1
dierent values y1 > y2 > ... > yN−1.
We dene n(i) by
n(i) = s if and only if y(Ci) = ys.
We derive a word in FN−1
bN,q,p,φ =
(N−1)q∏
i=1
σ
ǫ(i)
n(i).
Its image in BN is a representative of B(N, p, q, φ).
Sine we will be dealing with words of length q(N − 1) we introdue, for an
integer m, the sets
Nm = {n ∈ N | 1 ≤ n ≤ m}.
Thus the word bN,q,p,φ is given by the data of the maps
n : Nq(N−1) −→ R
N−1, ǫ : Nq(N−1) −→ Z2.
3 (Non) dependene of the knot type on the
phase φ
Proposition 2 Let N, p, q be integers as above and let φ and φ′ be two ele-
ments of [0, 2π]. Then the knotsK(N, p, q, φ) andK(N, p, q, φ′) - or K(N, q, p, φ)
and the mirror image of K(N, q, p, φ′)- an be represented by onjugate braids.
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Corollary 1 Up to taking a mirror image, the isotopy type of the knot
K(N, q, p, φ) does not depend on the phase φ.
Lemma 3 It is enough to prove the Proposition in the ase
φ′ = φ+
N
2
(
A
p
+
B
q
)
for two integers A and B.
To prove the lemma we introdue
Denition 5 An element φ ∈ [0, 2π] is said to be a ritial phase if there
exists a rossing point t = t(m, k, l) so that
cos
2π
N
p(t+ k + φ) = cos
2π
N
p(t+ l + φ).
In that ase K(N, p, q, φ) has self-intersetion at t(m, k, l). This translates
into the existene of an integer s suh that
2π
N
(t+ k + φ)p = −
2π
N
(t + l + φ)p+ 2πs
hene
φ =
sN
2p
−
N
4q
(1 + 2m) (6)
The braid BN,q,p,φ is dened if and only if the number φ is not a ritial
phase.
The following is obvious
Lemma 4 Let φ1, φ2 be two numbers, φ1 < φ2 and suppose that there is no
ritial phase in the interval [φ1, φ2]. Then the braids BN,q,p,φ1 and BN,q,p,φ2
are idential.
We have
Lemma 5 Let φ1 and φ2 be two ritial phases. Then there exist two integers
A and B suh that
φ1 − φ2 =
N
2
(
A
p
+
B
q
)
.
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Proof We write φ1 and φ2 as in (6) in terms of s1, m1 and s2, m2. We
have
φ1 − φ2 = (s1 − s2)
N
2p
−
N
2q
(m1 −m2)
and the lemma follows.
We order the ritial phases between 0 and 2π and denote them respetively
φ0, φ1, · · · , φM .
We assume that φu < φ < φu+1 and φv < φ
′ < φv+1 for some u, v, with 0 ≤
u, v ≤ M . It follows from the lemma that φu − φv = X with X =
N
2
(A
p
+ B
q
)
for some integers A, B. Thus φ+X belongs to the interval [φv, φv+1] (like φ
′
does). Hene the braids BN,q,p,φ′ and BN,q,p,φ+N
2
(A
p
+B
q
) are the same. 
Going bak to the formula for the signs of the rossing points, a straight-
forward omputation yields
Lemma 6 Let N, q, p, φ be as above and let A and B be two integers. Then
R
(
m,φ+
N
2
(
A
p
+
B
q
)
)
= P (A) +R(m+B, φ).
In view of 3, Lemma 5 solves the problem if B = 0 : BN,q,p,φ is the same
(resp. mirror image) of BN,p,q,φ+AN
2p
if A is even (resp. odd). Hene Lemma
6 will be proven (by indution) one we have shown that KN,q,p,φ and the
mirror image of KN,q,p,φ+N
2q
an be represented by onjugate braids. More
preisely we will show
Lemma 7 Let Φ : BN −→ BN be the involutive isomorphism dened by
∀i, 1 ≤ ... ≤ N − 1, Φ(σi) = σN−i.
1. Φ(BN,q,p,φ) is a braid whih represents KN,q,p,φ.
2. The mirror image of Φ(BN,q,p,φ) and BN,q,p,φ+N
2q
are onjugate braids.
Proof 1. is obvious and we set out to prove 2.
We onsider the anonial representative b(N, p, q, φ + N
2q
) whih we have
desribed in the previous paragraph. Then
b(N, p, q, φ+
N
2q
) =
q(N−1)∏
i=1
σn(i)
η(i).
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We then write a word inFN−1 whih represents the mirror image ofΦ(BN,q,p,φ) :
we take bN,q,p,φ, hange every exponent into its inverse and replae every σi
by the orresponding σN−i ; we derive the word
b˜N,q,p,φ =
(N−1)q∏
i=1
σ
−ǫ(i)
N−n(i).
Both bN,q,p,φ+N
2q
and b˜N,q,p,φ are words of length q(N − 1) in the free group
FN−1 ; part 2) of the lemma will derive from
Sublemma 1 The words bN,q,p,φ+N
2q
and b˜N,q,p,φ are a irular permutation
of one another.
The permutation in question is given by
γ : Nq(N−1) −→ Nq(N−1)
(1, 2, ..., q(N−1)) 7→
(
1 +
N(N − 1)
2
, 2 +
N(N − 1)
2
, · · · ,
N(N − 1)
2
− 1,
N(N − 1)
2
)
.
In view of the notations we have hosen, proving the Sublemma means pro-
ving the following two fats for every i ∈ Nq(N−1)
(S1) n(i) = N − n(γ(i)),
(S2) η(i) = 1 + ǫ(γ(i)).
1. First ase i+ N(N−1)
2
≤ (N − 1)q.
Conditions 1) and 3)of setion 2.4 on the ordering of the rossing points
Cs(ts, {k, l}s) ensure that Ci and Ci+N(N−1)
2
are onseutive (in [0, 1])
rossing points of the pair of strands {k, l}i, hene
{k, l}γ(i) = {k, l}i.
We also derive that, if ti = t(mi, ki, li) = −
ki+li
2
+ N
4q
(1 + 2mi), then
t
i+
N(N−1)
2
= −
ki + li
2
+
N
4q
(1 + 2(mi + 1)) .
Thus t(mi, ki, li)− t(mi + 1, ki, li) =
N
2q
. Hene
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y(Ci) + y(Ci+1) = sin
2π
N
q(ti) + sin
2π
N
q(ti +
N
2q
) = 0
It follows that
n(γ(i)) = N − n(i)
This proves (S1).
The number η(i) gives us the sign of the rossing point Ci(ti, ki, li) of
the braid B(N, p, q, φ+ N
2q
). It follows from 3 and Lemma 4 that
η(i) = 1+T (ki, li)+P (mi)+R(mi+1, φ) = T (ki, li)+P (mi+1)+R(mi+1, φ).
We derive from the onsiderations above that the right-hand side is
equal to 1 + ǫ(γ(i)). This proves (S2).
2. Seond ase. i+ N(N−1)
2
> q(N − 1)
Then Ci is the last rossing point of the strands {k, l}i ; thus the rea-
sonning of the previous ase does not work word for word ; however we
will establish a 1 − 1 orrespondene between the last N(N−1)
2
rossing
points of the braid and the rst
N(N−1)
2
ones. We put
t(mi + 1, ki, li) = −
ki + li
2
+
N
4q
(1 + 2(mi + 1)) > 1
Please note the slight abuse of notation : as we said, t(mi + 1, ki, li) is
NOT a rossing point for the ki-th and li-th strands. We have
0 < t(mi + 1, ki, li)− 1 = −
ki + li + 2
2
+
N
4q
(1 + 2(mi + 1)) < 1.
We reognize the formula given for a rossing point of the braid.
It is lear that the t(mi + 1, ki, li)− 1 our in the same order (in the
interval [0, 1]) as the t(mi, ki, li)'s.
We need to distinguish two subases.
(a) First subase of seond ase. ki < li < N − 1.
Then t(mi + 1, ki, li) − 1 is a rossing point for the strands ki +
1, li + 1. It is the rst rossing point for that pair of strands and
writes in our notation
t(mi + 1, ki + 1, li + 1).
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We have kγ(i) = ki+1, lγ(i) = li+1 and in terms of y oordinates,
y(C(mi+1, ki+1, li+1)) = (−1)
mi+1 sin[
π
N
q(ki−l)+
π
2
] = −y(C(ti, ki, li)).
Thus (S1) is true.
Sine T (ki+1, li+1) = T (ki, li), the sign of t(mi+1, ki+1, li+1)
as a rossing point of the ki+1-th and li+1-th strands of BN,q,p,φ
is given by
ǫ(γ(i)) = 1 + T (ki, li) + P (mi + 1) +R(mi + 1, φ)
= 1 + T (ki, li) + 1 + P (mi) +R(mi, φ+
N
2q
) = 1 + η(i).
(b) Seond subase of seond ase. ki < li = N − 1 .
That is, we are onsidering a point of the form t(mi, N−1, li). We
have
t(mi + 1, N − 1, li)− 1 = −
N + l + 1
2
+
N
4q
(1 + 2(mi + 1))
= −
l + 1
2
+
N
4q
(1 + 2(mi + 1− q)) .
Thus t(mi+1, N−1, li)−1 is a rossing point for the li-th and 0-th
strands. Aording to our notations it writes t(mi+1−q, 0, li+1).
We have
{k, l}γ(i) = {N − 1, li+1}
y(C(m+ 1− q, 0, l + 1)) = (−1)m+1−q sin
( π
N
q(l + 1) +
π
2
)
On the other hand,
y(C(mi, N − 1, li)) = (−1)
m sin[
π
N
q(N − 1− l) +
π
2
]
= (−1)m sin[(q+1)π−
π
N
(l+1)−
π
2
] = y(C(mi+1− q, 0, li+1))
This proves (S1) ; to investigate the sign of t(mi + 1− q, 0, li + 1)
we need the following identities
T (N − 1− li, 0) = P (p) + P (q) + T (li + 1, 0)
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P (mi + 1− q) = P (q) + P (mi) + 1
R(mi + 1− q, φ) = P ([
2π
N
(φ+
N
4q
(1 + 2mi) +
N
2q
−
N
2
])
= R(mi, φ+
N
2q
) + P (p).
Summing all these terms, we see that
s(mi + 1− q, l + 1, 0, φ) = 1 + s(mi, N − 1, l, φ+
N
2q
).
whih proves (S2) in this ase.
This onludes the proof of the lemma and hene, of the Proposition.
4 Symmetries of the knot
Let us reall some terminology on knots symmetries : There are two natu-
ral symmetries among knots that are involutions ; the mirror symmetry sm,
(symmetry of a knot with respet to a orientation reversing dieomorphism
of S3 ) and the inversion of a knot si whih yields the same knot but with the
reverse orientation. K is invertible if it is invariant by si and amphiheiral
if it has some invariane with respet to sm ; more preisely, eah type of
invariane is given a name and we reall them here for larity's sake.
1. If si(K) = K ( equal means isotopi) only, then K is reversible ;
2. if si(K) = K and sm(K) = K then K is fully amphiheiral ;
3. If sm(K) = K only, then K is (positive) amphiheiral ;
4. if sm ◦ si(K) = K only, then K is negative amphiheiral.
5. If K has none of these symmetries then K is hiral.
The knot is said to be strongly symmetri if it is symmetri with respet
to an ambiant isometry of S
3
.
Results of setion 2 and easy omputations yields
Theorem 4 A simple minimal knot is either reversible or fully amphiheiral.
More preisely :
1. All knots K(N, p, q) are strongly invertible.
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2. Furthermore, if p+q is odd, then (N, p, q) is strongly fully amphiheiral :
3. if N is even and p + q is even or if N is odd and p and q even, then
K(N, p, q) is periodi of order two : it is invariant by a rotation of angle
π around an axis S1 and the linking number of its axis with the knot is
equal to N
Similarly to the Lissajous knots ([1℄), these symmetries yields properties
on the Arf invariant and Alexander polynomial that are desribed in the
setion.
We rst have
Theorem 1 Let N, p, q, φ be as above. Then the knot KN,p,q,φ is strongly
reversible.
Proof Let us remind the reader that if θ is a real number and m is an
integer, we have
sinm(θ + π) = (−1)m sin(mθ), cosm(θ + π) = (−1)m cos(mθ).
The hange of parametrization t 7→ t+ 1
2
doesn't hange the knot as a whole ;
it is indued by an ambiant symmetry of S3. We derive the following
Lemma 8 The knots K(N, p, q, 0) and K(N, p, q, π) are invariant under the
dieomorphism ΦN,p,q, of S
3
dened by
(x, y, z, w) 7→ ((−1)Nx, (−1)Ny, (−1)qz, (−1)pw).
It follows that the knots K(N, p, q, 0) and K(N, p, q, π) - whih are mirror
images of one another - are reversible. This fat, together with Proposition
2 above, nishes the proof of the theorem. 
Aording to the parities of the integers involved we an derive symmetries
of the knot. First notie that ΦN,q,p is an involution in all ases.
1. If N is even, then
(a) if p+q is even, ΦN,q,p is an orientation preserving symmetry. From
the non degeneray ondition ( K is not singular), p and q an not
be both even, hene p and q are odd ; then ΦN,q,p is a rotation of
π around an horizontal S1. Hene K is periodi of order two but
in a weak sense sine the linking number of the invariant axis of
the rotation with K may be zero.
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(b) if p + q is odd ΦN,q,p is orientation reversing. and K is strongly
fully amphihireal
2. If N is odd, then
(a) if p + q is even, ΦN,q,p is orientation preserving. If p and q are
both even, then ΦN,q,p is a rotation of π around an vertial S
1
. its
linking number with K is N . Hene K is periodi of order two.
If p and q are both odd, then ΦN,q,p is orientation preserving and
has no xed points.
(b) if p + q is odd ΦN,q,p is orientation reversing. and K is strongly
fully amphihireal
4.1 symmetries of Alexander polynomial
We an dedue from last onsiderations and [10℄ that
Corollary 2 The simple minimal knot K(N, p, q)'s Alexander polynomial is
a square modulo two, if p and q are not both odd, and the Arf invariant is
then zero.
4.2 symmetries of the braid
Using the braid desription of the knots, these symmetries translate into
symmetries of the braid. Let us write a point in the braid as (t, k) we mean
the point hk(t) i.e. on the k-th strand. We distinguish two ases :
1. N is even. We notie that
2π
N
(x+ k) + π =
2π
N
(x+ k +
N
2
) (7)
Thus, if p and q have the same (resp. a dierent) parity, BN,q,p,0 is
preserved (resp. transformed into its mirror image) by the following
transformation :
if k ≤ N
2
, (t, k) 7→ (t, k + N
2
) if k ≥ N
2
, (t, k) 7→ (t, k − N
2
).
This symmetry swithes the strands, while keeping the rst oordinate
xed.
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Fig. 2  A knot that an not be simple minimal : 817
2. N is odd. We notie
2π
N
(x+ k) + π =
2π
N
(x+
1
2
+ k +
N − 1
2
) =
2π
N
(x−
1
2
+ k +
N + 1
2
).
If p and q have the same (resp. a dierent) parity, BN,q,p,φ is preserved
(resp. transformed into its mirror image) by the transformation
if k ≤ N−1
2
and t ≤ 1
2
then (t, k) 7→ (t+ 1
2
, k + N−1
2
)
if k ≤ N−1
2
and t ≥ 1
2
then (t, k) 7→ (t− 1
2
, k + N−1
2
)
if k ≥ N−1
2
and t ≤ 1
2
then (t, k) 7→ (t+ 1
2
, k − N+1
2
)
if k ≥ N−1
2
and t ≥ 1
2
then (t, k) 7→ (t− 1
2
, k − N+1
2
)
This symmetry swithes the rst half of a strand with the seond half
of another.
5 A ounterexample
Theorem 5 A negative amphiheiral or hiral knot an not be the knot of a
simple minimal or iterated minimal knot.
Notie that the rst andidate for a ounterexample in the Rolfsen las-
siation is the knot 817 whih is the rst negative amphiheiral knot. This
knot provides the rst example of a prime knot whih an not be a simple
knot or iterated simple knot.
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Proof. If the knot is simple, then theorem 1 shows that it an not be either
hiral or negative amphiheiral.
Let us examine the ase of an iterated minimal knot (of a simple knot) Sup-
pose thus that there is an iterated minimal knot K that bounds a negative
amphiheiral (or hiral) knot. Then K is ontained in a tubular neighborhood
of the ompanion knot, whih is a simple minimal knot. The linking number
κ of the satellite knot with a meridian of the tube is larger than two sine
the braid diagram of the satellite knot is idential to the braid diagram of
an iterated torus knot. But the Alexander polynomial of K is a multiple of
P (xκ) where P is the Alexander polynomial of K whih is impossible. 
Notie though that it may be possible that these hiral knots are able
knots of minimal singular knots. This ase requires a further investigation as
we indiated in the introdution.
6 The algebrai rossing number
6.1 Denition - Bakground
We remind the reader that the algebrai rossing number of BN,q,p,φ is
the sum of the signs (i.e. +1 or −1) of its rossing points. We will denote
it e(BN,q,p,φ). It is an invariant of the onjugation lass of the braid but it
is not an isotopy invariant of the knot KN,q,p,φ. However braids with three
strands have been thoroughly studied by Birman and Menaso and we an
derive from their work,
Theorem 2 ([B-M℄). Let K (resp. K ′) be a knot represented by a 3-braid B
(resp. B′). If K and K ′ are isotopi and K is neither trivial nor a (2, k)-link,
then e(B) = e(B′).
In the present ase, where the braid omes from a branhed immersion in
4-spae, its algebrai rossing number an be seen as the number of double
points whih onentrate at the branh point. Namely
Theorem 3 ([Vi℄) Let Σ be a losed Riemann surfae without boundary,
let M be an orientable 4-manifold and let f : Σ −→ M be an embedding
whih has one branh point p. Suppose that in a neighbourhood of p, f is
parametrized as in proposition 1, that it is a topologial embedding in the
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neighbourhood of p and that the assoiated knot is K(N, p, q, φ). Then the
degree of the normal bundle Nf is
[f(Σ)].[f(Σ)]− e(BN,q,p,φ)
where [f(Σ)].[f(Σ)] denotes the self-intersetion number of f(Σ).
We immediately derive from Proposition 2 above that
Proposition 3 Up to sign, the algebrai rossing number e(B(N, p, q, φ))
does not depend on the phase φ.
and that
Proposition 4 Suppose q and p are of dierent parities. Then
e(B(N, q, p, φ)) = 0.
Remark A knot dened by a 2-stranded braid is either trivial or is a
(2, n) torus knot in whih ase the algebrai rossing number is n.
6.2 An estimate
The non-dependene on the phase allows us to prove
Proposition 5 Let N, q, p as above and suppose that p and q are mutually
prime. Then
|e(B(N, q, p))| ≤ N2 +N − 4.
Remark This estimate does not depend on q : notie the sharp ontrast
with the ase of the (N, q)-torus knot (i.e. when p = q) and every rossing
number is positive : thus we have e(B(N, q, q) = q(N − 1).
Proof If k and l are dierent integers, 1 ≤ k, l ≤ N−1, we denote byM(k, l)
the set of integers m suh that the t(m, k, l) given by the formula (*) above
is a rossing point of the k-th and l-th strands.
Lemma 9 The following orrespondane is a bijetion between M(k, l) and
M(N − 1− k,N − 1− l)
t(m, k, l) 7→ t(2q −m− 1, N − 1− k,N − 1− l).
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Proof. We notie that, if m veries 1 w.r.t. the integers k and l, then
2q −m− 1 veries
q
N
(2N − (k + l)− 2)−
1
2
≤ 2q −m− 1 ≤
q
N
(2N − (k + l)− 2)−
1
2
+
2q
N
.
In other words,
q
N
((N−k−1)+(N−l−1))−
1
2
≤ 2q−m−1 ≤
q
N
(N−1−k)+(N−1−l))−
1
2
+
2q
N
.

Next, we go bak to the expression of R(., φ) above and see that we an
hoose a phase φ suh that for every m, we have
R(m,φ) = P ([
p
q
m]).
At this point we introdue
Mˆ = {m ∈ M(k, l) |
p
q
m ∈ N}.
Sine p and q are mutually prime, an element m of Mˆ is of the form m = aq,
for some integer a.
Lemma 10 If m ∈ Mˆ ∩M(k, l), then
i) m = q
ii) k + l = N − 2 or k + l = N − 1 or k + l = N .
Conversely for every k, l verifying ii), q ∈M(k, l).
Proof The equality m = aq yields
k + l
N
−
1
2q
≤ a ≤
k + l
N
+
2
N
−
1
2q
.
Sine 1 ≤ k + l ≤ 2N − 3, we derive that a = 1. Thus k + l satises
k + l
N
−
1
2q
≤ 1 ≤
k + l
N
+
2
N
−
1
2q
.
Sine N > q the left hand-side yields k + l ≤ N and the right-hand side
yields k + l ≥ N − 2.
We leave it to the reader to hek the onverse. 
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Lemma 11 If m 6= q, we have
R(m, k, l, φ) = R(2q −m,N − k − 1, N − l − 1, φ) + 1.
Proof Sine
p
q
m is not an integer,
R(2q −m,φ) = P ([2p−
p
q
m]) = 1 + P ([
q
p
m]) = 1 +R(m,φ).
We denote by σ(k, l) the signed number of intersetion points of the k-th and
l-th strands.
We have
σ(k, l)+σ(N−k−1, N−l−1) = −(−1)T (k,l)Σm∈M(k,l)(−1)
P (m)
(
(−1)R(m,φ) − (−1)R(2q−m−1,φ)
)
.
If k + l is not equal to either N − 2, N − 1 or N , then all m's in the sum
above verify Lemma 10. Thus
|σk,l + σ(N − k − 1, N − l − 1)| ≤ 2.
If k + l = N (resp. k + l = N − 2), then (N − k − 1) + (N − l − 1) = N − 2
(resp. (N − k − 1) + (N − l − 1) = N).
Both pairs of strands {k, l} and {N − k − 1, N − l − 1} ontain a rossing
point for whih m = q and thus whih does not verify Lemma 10. Thus
|σk,l + σ(N − k − 1, N − l − 1)| ≤ 4.
Finally if k + l = N − 1, then {k, l} = {N − k − 1, N − l − 1}. We have
2|σ(k, l) = |σk,l + σ(N − k − 1, N − l − 1)| ≤ 4.
In order to put together these estimates, we point out the following :
if A is an integer, the number of pairs of strands {k, l} suh that k + l = A
is A. We derive the estimate
|e(b(N, p, q, φ)| ≤ 2ΣN−3s=1 s+ 4(N − 2) + 2(N − 1) = N
2 +N − 4.
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7 Examples of Minimal Knots
Most of the examples of minimal knots given here an be desribed with
the help of the Rolfsen table ; i.e. they are knots that are the onneted sum
of prime knots with at most 10 minimum number of rosssings. In some ases
however, we used the Hoste-Thistlewaite table provided in KnotTheory. It
gives examples with a minimum rossing number reahing 16. We ompute
the Alexander Polynomial and Jones polynomial of the subdesribed minimal
knots. In most ases we used the program KnotTheory to ompute these
polynomials as well as to draw the natural braids. Knots (in the Rolfsen
table) were drawn using KnotPlot.
We will use Rolfsen's notation for the alexander polynomial :
[a0 + a1 + a2 + · · ·+ an] := x
n.
n∑
i=0
ai
(
x+
1
x
)i
7.1 General Properties
Beforehand we desribe some useful properties of these knots.
As the simple knots are phase independant, the will be labelled asK(N, p, q).
Lemma 4 If {
x ≡ p mod N
x ≡ p mod 2q
(8)
then K(N, x, q) is isotopi to K(N, p, q)
In partiular, there is a 2qN periodiity for the appearane of knots with
respet to p.
Lemma 5 There is an innite number of minimal representations of the
trivial knot : for any N and q, K(N,N + q, q) is isotopi to the trivial knot.
Proof. Choose any two strands ; we then an hoose the phase suh that
the n labelling the rossings satises 0 ≤ n < [2q
N
]. The rossing numbers
appear then with the following sequene of signs as +++++−−−−−−
where the numbers of plus and minus dier by one or zero. This means
that the two strands an be deformed leaving the ends xed suh that their
number of rossings is either one or zero without taking into aount the other
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strands. But this is true for any two pairs of strands. Choose then strand 1.
We an deform all others strands suh that strand 1 is on top exept for the
strand that reahes the right end and that rosses strand 1 only one. We
proeed similarly for all other strands. 
Lemma 6 For all N, p, q, K(N, p, q) = K(N, q, p)
Proof. We obtainK(N, q, p) fromK(N, p, q) by adding the phase π/2 and
by interhanging oordinates The invariane of the knot by a phase hange
yields the result. .
We an hek that
Lemma 7 for any N, q, a ∈ N, K(N, aq, q) are isotopi to two type of knots :
the torus knot T (N, q) and a non trivial knot. Both have a braid group given
by (
σα11 ◦ · · · ◦ σ
αN−1
N−1
)N
In the ase T (N, q), all the αi = +1.
7.2 Torus Knots
It is known that Torus knots are not Lissajous knots [1℄ ; this is in om-
plete opposition with simple minimal knots :
Theorem 4 All torus knot are minimal knots : T (a, b) an be realized as
K(a, b, b). Moreover the regular knots K(2, p, q) is trivial if p 6= q ; else it is
the torus knot T (q, 2).
The rst part is diret ; the seond part is a onsequene of last setion
on the algebrai number of minimal braids with two strands.
7.3 Minimal Knots with an odd number of strands
We will onsider rst knots whose minimal braid has three strands. The
braid representative of K(3, p, q) is
∏q
i=1 σ
αi
1 σ
βi
2 , αi, βi = ±1 and σi denotes
the ith rossing ordered from left to right on the braid diagram ; strands
are numbered top down. If the rst two rossings of the braid orresponds
respetively to the rossings of the ouple of strands (1, 2) and (1, 3) then the
k-th pairs of rossings orrespond to the intersetion of the ouple of strands
(τk(1), τk(2)) and (τk(1), τk(3)) where τ is the yli permutation (1, 2, 3).
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7.3.1 K(3, . , 4)
The number of rossings is at most q.(N − 1) = 8 ; hene, if theses knots
are prime, they must be in the Rolfsen table ; If they are not prime then
they are onneted sums of knots in the Rolfsen table. We desribe in this
paragraph all suh knots. Only ve knots appear periodially as p varies ;
From lemma 4 there is a global 24-periodiity with respet to p but there are
also other symmetries that are not aounted for.
1. The torus knot T (3, 4) = K(3, 4, 4p) = K(3, 20, 4) · · · This ase gene-
ralizes to all K(N, p, p) or K(N, ap, p) for suitable a. These knots are
learly reversible.
2. The square knot 31#3¯1 = K(3, 5, 4) = K(3, 4, 5) . This is the rst
example in the literature of a minimal knot that is not tori ( f. [MW℄).
In a way, this the smallest knot with respet to the lexiographi orde-
ring on N, p, q. It is fully amphiheiral and P = [−1 + 1]2.
3. The trivial knot K(3, 7, 4) = 1. This is knot of type K(N,N + q, q)
whih are all trivial. Notie that K(3, k, 4) = 1 for k = 5, 11, 13, 19...
4. The onneted sum of the eight knot and the square knot is
41#(31#3¯1) = K(3, 8, 4). ( p = 8, 16... ). This is a knot of type
K(N, aq, q) ; it is either the torus knot T (N, p) or a knot whose braid
group is
(
σ1σ
−1
2
)4
. This knot is fully amphiheiral
5. The rst non tori and non trivial prime knot, the eight knot 41 =
K(3, 10, 4) = K(3, 10, 4) = K(3, 22, 4)... ; it is fully amphiheiral. P =
[−3 + 1].
7.3.2 K(3, . , 5)
The number of rossings is at most 10 whih still allows us to hek in
the Rolfsen table. Only four knots appear periodially as p varies. We just
write down the smallest p for eah knot.
1. The torus knot T (3, 5). realized by K(3, 5, 5).
2. The prime knot 10155 = K(3, 7, 5) ; it is reversible. As in the ase of
Lissajous knot the appearane of this knot for the values 3, 7, 5 suggests
that it is diult to nd a topologial araterization of these minimal
knots. This is even learer in the ase K(4, 11, 5) desribed below.
3. The trivial knot K(3, 8, 4) = 1.
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Fig. 3  minimal braid and knot of K(3,5,4)
Fig. 4  One of many minimal representation of a trivial knot : K(3,7,4)
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Fig. 5  The eight knot realized as K(3,10,4)
4. The onneted sum 62#6¯2 = K(3, 10, 5). This is a knot of typeK(N, aq, q) ;
(= K(3, 20, 5), but K(3, 25, 5) = K(3, 35, 5) is the torus knot T (3, 5)
and K(3, 10, 5) = K(3, 40, 5)...)
7.3.3 K(3, . , 7)
The number of minimal rossings is at most 14, two of them have a
minimal rossing number of 14 ; to hek all ases we need onsult the Hoste-
Thistlewaite table. Six dierent knots appear periodially.
1. The torus knot K(3, 3, 7) = T (3, 7).
2. The knot K(3, 8, 7) is fully amphiheiral and P = [1− 1 + 1]2.
3. The trivial knot K(3, 10, 5) = 1.
4. The prime knot 14N27120 = K(3, 11, 7) whih is reversible ! This is the
rst ourene of a non amphiheiral knot with odd numbers , N, p, q
whih is not a torus. P = [7− 5 + 3− 1].
5. The onneted sum K(3, 14, 7) ; it is amphiheiral, and P = [7 − 6 +
4 − 1]2. This is a knot of type K(N, aq, q), hene its braid group is(
σ−11 σ2
)7
6. The prime knot K(3, 19, 7) = 14N11995 ; it is reversible and P =
[7− 5 + 3− 1].
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Fig. 6  An example of a torus knot : K(3,5,5)
Fig. 7  minimal braid of 10155 = K(3, 7, 5)
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Fig. 8  minimal braid of K(3, 10, 5) = (62#6¯2) and knot 62
Fig. 9  minimal braids of K(3, 11, 7) = 14N27120 and K(3, 14, 7)
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Fig. 10  minimal braids of K(3, 19, 7) = 14N11995 and K(5, 16, 6) =
14N17954
With N = 3, q ≥ 8 the identiation beomes very diult sine the
number of rossings is a priori bigger than 16 ! We onlude this paragraph
with an example of a minimal knot with N = 5 i.e. whose minimal braid
representation has 5 strands.
7.3.4 K(5,22,6)
We will onsider knots whose minimal braid has ve strands. The braid
representative of K(5, p, q) is
∏q
i=1 σ
αi
2 σ
βi
4 σ
γi
1 σ
δi
3 , αi, βi, γi, δi = ±1. The rst
four rossings of the braid on the strands orresponds to the ouples
(2, 3), (4, 5), (1, 3), (2, 5) and the k-th quadruple orresponds to the rossings
τk(a, b) where τ = (1, 3, 5, 4, 2).
We will only desribe an example of prime minimal knot. In eah ase we
need to hek on the braid representations that the minimal rossing number
is less than 16. We try to minimize the number of rossings on the minimal
braid for eah knot suh that the rossing number is less than 15. We will
number the strands top down aording to the order of the strands on the
far left of the braid.
1. K(5, 22, 6) = 77 (g. 11). Consider the minimal braid of this knot ; ip
to the bottom the rst hill" of the strand 4, we redue the rossing
number by 4 ; Flip the rst valley of strand 2 to the top , we an redue
the rossing number by 4. Then moving downwards the rst hill of
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Fig. 11  minimal braid of knot K(5, 22, 6) = 77
strand 3 redues the number by 2 ; hene it sues to hek in the
table of knots with less than 14 rossings.
It seems that the Alexander polynomial of all the examples omputed
have a highest order oeient equal to plus or minus one ; It may be that all
these simple minimal knots are bered when N is odd. hene we onjeture :
Conjeture 1 Simple minimal knots with an odd number of strands are -
bered.
This is not the ase when N is even as we shall see now.
7.4 Minimal Knots with an even number of strands
We will only disuss the ase N = 4, the ase N = 2 has been dealt with
in the omputation of its algebrai rossing number in setion 4.
7.4.1 K(4, . 5)
We will onsider rst knots whose minimal braid has four strands. The
braid group of K(4, p, q) is
∏q
i=1 σ
αi
1 σ
βi
3 σ
γi
2 , αi, βi, γi = ±1. If the rst three
rossings of the braid orresponds respetively to the rossings of the ouple
of strands (1, 2), (3, 4), (1, 4), the k-th triple orresponds to the image of the
rst three by the permutation τk where τ = (1, 2, 4, 3)
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Fig. 12  The rst non-bered prime knot : K(4,13,5)
The number of rossings is at most 15 Six dierent knots appear periodi-
ally.
1. The torus knot T (4, 5).
2. The sum of two prime knots K(4, 7, 5). it is reversible and P = [17 −
12 + 4]. As the highest oeient of the Alexander polynomial is 4,
this knot is not bered ; it provides the rst ourene of a non-bered
minimal knot.
3. The trivial knot K(4, 9, 5) = 1.
4. The prime knot 15N166131 = K(4, 11, 5) is reversible and P = [37 −
28 + 12− 2].
5. The non bered prime knot 946 = K(4, 13, 5), reversible and P = [5−2].
In fat we an redue easily the rossing number of the minimal braid
to 13 whih makes omputations easier.
Corollary 1 Singularity knots of minimal branh points are not neessarily
bered
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